Topology is a central concept of mathematics, which allows us to distinguish two isolated rings with linked ones 1 . In material science, researchers discovered topologically different carbon allotropes in a form of a cage 2 , a tube 3, 4 , and a sheet [5] [6] [7] , which have unique translational and rotational symmetries, described by a crystallographic group theory, and the atoms are arranged at specific rigid positions in 3-dimensional (D) space. However, topological orders must be robust against deformations, so that we can make completely different families of topological materials [8] [9] [10] [11] [12] [13] [14] [15] [16] . Here we propose various topological structures such as knots and links using covalent σ bonds of carbon atoms, while allowing various topologically equivalent arrangements using weak π bonds. By extending this idea, we invented a new 3D carbon allotrope, Hopfene, which has periodic arrays of Hopf-links to knit horizontal Graphene sheets into vertical ones without connecting by σ bonds.
be more tolerant against the rotational disturbance, but no restoration force will work to prevent the rotation. On the other hand, the Hopf-linked Chain can accumulate the global strain and the restoration force will be generated to protect itself against the structural deformation. This would be related to the reason why DNA with a double-stranded spiral structure was naturally selected due to its stronger tolerance in a competitive environment.
The geometrical coordinates of straight and rolled Carbon-Nano-Chains are apparently different, while both structures are topologically equivalent. Therefore, we can regard these chains as possessing Topological-Long-Range-Order (TLRO) even without having translational nor rotational symmetries. We can construct whole new varieties of materials with TLRO, as topological materials, which will not be categorised as a conventional crystal nor a completely-randomised amorphous material. Examples of Chains and Chainmail are clear examples of topological materials.
The concept of Topological-Long-Range-Order (TLRO) is also applicable to a 3D structure, and the idea of a topological crystal 9-11 would be as exciting as a time crystal 25 . We have conceived to the idea of a new 3D carbon allotrope by considering nested structures with stacked Graphene sheets both vertically and horizontally, while the intersections of these sheets are made of Hopf-links ( Fig. 3) . To our surprise, the optimised structures have almost perfect translational symmetries, so that these will be realised as a conventional single crystal.
We propose to call this new structure, as Hopfene, named after a mathematician, Heinz Hopf, because of the importance of Hopf-links 1 for this crystal. Similar to Carbon-Nano-Tubes 3 , which 6 have a family of allotropes depending on how to roll-up a Graphene sheet, Hopfene also has a family depending on how to insert Graphene sheets (Methods, Fig. 3 ). Graphene sheets were inserted perpendicular to the other stacks, and it was important to align the directions of the zigzag edges in parallel to match the periodicity of the Graphene lattice. Let's assume that we inserted the first sheet to the bottom available slot, labelled as slot 0. If we insert next sheets into the most adjacent available slot, slot 1, for both horizontal (x) and vertical (y) directions, the structure is called as (1,1) Hopfene ( Figs. 3a and 3d ). In this case, the adjacent stacks are half-lattice constant shifted (c/2) along zig-zag edge (z) direction, so that the stack is called as AB-stack. On the other hand, if we insert Graphene sheets into slot 2, while making the slot 1 empty, the structure is called as (2,2) Hopfene (Figs. 3b, and 3e). In this case, the nearest adjacent sheets are aligned so that the stack is called as AA-stack. We considered more complicated insertions, such as the insertion into slot 1 for x-direction, while the insertion along y-direction is from slot 2, whose structure is (1, 2) Hopfene (Figs. 3c and 3f). In general, there exists (n, m) Hopfene, where n and m are integers to describe the insertion of Graphene sheets, and if n and m are odd (even), the sheets are AB (AA) stack. If n = m, the Hopfene structure is tetragonal with the lattice constants a = b = c, while it is orthogonal (a = b = c) for n = m. Therefore, we can recognise rectangular holes if we see the structure from the bottom (Fig. 3 ). Therese holes would allow carrier doping by intercalation, which may lead superconductivity similar to alkali-metal doped Fullerenes 26 . If n and m are large, the size of the hole will be large, so that the Graphene sheets and the crystal itself can be deformed substantially, breaking the translational symmetry. It is also expected that the actual experimental structures would be different due to the huge strains accumulated in rings, as theoretically predicted 7 in a highly-strained Graphene, which stabilised to be a dimerised Kekulé-like structure 27 . Even in that case, TLRO would be kept as far as σ bonds survived to keep Hopf-links.
It is straightforward to extend this concept [9] [10] [11] to make heterogeneous topological structures by introducing different materials such as boron-nitride and molybdenum-disulfide. The unique aspect of this approach is a topological link to bind various sheets strongly together without forming a proper chemical bond. This configuration is topologically different from the simple stacking weakly bound together by van der Waals force.
As the first step towards making Hopfene, we propose to make Hopf-linked bilayer-Graphene ( Fig. 4 ). Unlike to the stacked bilayer-Graphene 4-7 , the Graphene sheets are linked only at the 1D chain, so that the impacts of the coupling on the band structure would be limited. Reflecting the double layers, momentum space will also be double, leading to the crossed layers even in momentum space (Fig. 4b ). The valleys are degenerate at the same points, because the direction of the zig-zag edge (z) is the same for both layers due to sharing of the 1D chain. As we increase the number of inserted Graphene sheets, momentum space will be eventually filled by layers towards the complete 3D band structure. It is beyond the scope of this paper to predict how the 2D Dirac Fermions 4, 21, [27] [28] [29] are crossing over to the excitations in 3D Hopfene.
In conclusion, we have validated the concept of topological materials [9] [10] [11] in materials with hard covalent bonds, which we believe, will be discovered for the future. 1D Carbon-Nano-Chains, Hopf-linked bilayer-Graphene (2D), and 3D Hopfene have been proposed as examples of new topological carbon allotropes, which will be useful to examine fundamental physics of massless 8 Dirac Fermions 4, 21, [27] [28] [29] in topologically nontrivial geometries. We envisage various practical applications of these hard and flexible topological materials for DNA-sensing, functional materials, and NEMS.
Methods
We have used Chem3D, a molecular editor, for all our simulations 30 . Here, we describe the details of our simulation procedures for topological materials.
Topological molecules (0D). It is not possible to memorise the handedness solely by twisting a 1D carbon ring to the left or the right, since it merely change the geometry without changing the topology. In order to memorise the handedness, we need to lock the status of the twisted ring, by inserting the other molecule into the ring and close the bond. Then, we can make left ( Fig. 1f) and right ( Fig. 1g ) topological molecules of Whitehead-links, whose handedness will be protected against the deformations of molecules as far as the bonds are sustained.
The situation is slightly changed, if we employ a Graphene nano-ribbon 28 . Even if it consists of just several benzene rings, the ring will define a 2D plane to confine the ribbon so that it is different from a pure 1D chain. As a result, the Mbius strip 8 can memorise the handedness whether the Graphene nano-ribbons were twisted to the left or the right before bonding without using another Graphene nano-ribbon. Moreover, the number of twisted rotations is also a topologically protected valuable as a winding number, which is also robust against the deformation. We also made even more complex structure such as Borromean rings (Fig. 1e ). To our surprise, the converged structure is rather beautiful with a proper symmetry upon exchanging rings, which was energetically favourable rather than keeping random deformations.
Topological Chains (1D) and Chainmail (2D). We have simulated various configurations of Chains by changing the boundary conditions. For example, by introducing a twisted boundary conditions between one end of the chain to the other for the 1D Hopf-linked Chain, we could introduce a global kink as a form of a soliton, which is a topologically protected excitation. Upon rotating twice, we found the chain was broken due to the high tensile strains accumulated in the Chain.
For the simulations of the rolled Chains and Chainmail (Fig. 2) , we have gradually changed the initial coordination of atoms. If we changed the initial condition significantly different from the previously converged geometries, Hopf-links were completely broken and the structures were topologically changed. This will also happen in the real situation, where the external force exceeded the threshold enough to break one of the σ bonds for the Hopf-links. Conversely, the proposed Chains and Chainmail will be topologically robust as far as the σ bonds are maintained.
Thus, we expect a topologically flexible material, which would be as flexible as a rubber, while it is very stiff as hard as or even harder than a diamond due to its SP 2 nature of the rings.
Topological Crystals (3D). Hopfene was made by preparing AA-stacked Graphene sheets, separated by the distance of the lattice constant of a Graphene, which is the adjacent distance between the sides of the ring. Depending on the targeted stacking, described by (n, m) where n and m are integers for the available slots along horizontal (x) and vertical (y) directions, the number of inserted Graphene sheets and separations were adjusted. We have prepared the Graphene sheets by hands using the GUI (Graphical User Interface) of the software, so that the position and the distance were not perfect. This uncertainty resulted in the formation of topological defects in the final structure, but we kept as it is to highlight new types of defects without broken bonds. Then, we optimised the structure relying on the algorithm of the software to minimise the energy. After the optimisation, for (1,1) Hopfene, AB-stack was automatically chosen for both x and y directions by shifting the Graphene sheets with the amount of the half of the lattice constant along z direction, regardless of the initial condition of AA-stack. Here, please note that AB-stack of Hopfene is different from AB-stack of Graphite. AB-stack of Hopfene means the parallel-shift of the Graphene sheet along the zig-zag edge, while AB-stack of Graphite is the parallel-shift along the arm-chair edge, so that the directions are perpendicular to that of Hopfene. The process of the convergence of the structure would be similar to the growth process in experiments for the future, so that we have recorded as a video. electronic band structure, calculated by the tight-binding approximations. The horizontal Graphene has 2 valleys at K 1 and K 1 , while the vertical one has 2 valleys at K 2 and K 2 . K 1 (K 1 ) and K 2 (K 2 ) are located at the equivalent position in the momentum space, so that states are completely degenerate at these points, while the propagating sheets in real space are different.
